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This appendix contains additional material from the original
paper. Appendix A contains formulas for calculating area
and delay for L*' operators. Appendix B formalizes L**9 and
Appendix C formalizes L.

A Formulas for L' Operator Properties

For simplicity, we provide only the formulas for the operators
used in the code example in the paper.

A.1 Areas of L* operators (excerpts)

Area a is measure of FPGA resources required to implement
an operator. Area is a vector of two components, storage and
compute, to account for the fact that FPGAs have different
resources for storing data and performing computation [2].

counter_size(n) computes the area for a counter that
counts up to n.

area(tuple) = {compute = 0, storage = 0}
area(map_s f) =n=area(f)
where the input has type SSeq n t
area(map_t f) = area(f)
area(map2_s f) = n = area(f)
where the input has type SSeq n t
area(map2_t f) = area(f)
area(reduce_s f) = (n—1) = area(f)
where the input has type SSeq n t
area(reduce_t f) =area(f) +
{compute = 0,
storage = sizeof (¢)} +
counter_size(n)

where the input has type TSeq n i t

area (shift_s) = {compute = 0, storage

0}

sizeof (t)}

area(shift_t) = {compute = 0, storage
where the input has type TSeq n i t
area(select_1d_s) = {compute = 0, storage = 0}
area(select_1d_t) = {compute = 0, storage = 0}
area (reshape) = see [1]

area(g . f) = area(g) + area(f)
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A.2 Delays of L' operators (excerpts).

Delay is a measure of time (in clocks) between the first el-
ement of an input sequence arriving at a operator, and the
first element emitted by the operator. A fully combinational
adder has zero delay. Both the full parallel map_s and fully
sequential map_t operators begin emitting output as soon as
their contained function f does, so the delay of these higher
order operators is the same as the delay of f.

delay (add) =0
delay (tuple) =0
delay (map_s f) = delay (f)
delay (map_t f) = delay (f)
delay (reduce_s f) =0
delay (reduce_t f)=n—1
where the input has type TSeq n i t
delay (shift_s) =0
delay (shift_t) =0
delay (select_1d_s) =0
delay (select_1d_t) =j
where the selecting the jth element
delay (reshape) = see [1]
delay (f . g) =delay (f) + delay(g)

B L%°9 Formalisation
B.1 Terms

t == undef |ne N |b e {True,False}

| Ax:zot|x|[t,....t]|t....t) |t

| tuple_to_seq t|seq_to_tuple t

| not t|t ==t|t op tst.ope{+,—, %/}
| t bop ts.t.bope{V,A}

| const_gent

| shift tt|up_1d tt|select_1d tt
| partition ttt|unpartition ¢

| map tt|map2 ttt|reduce tt

B.2 Values
vi=undef|n|b|Ax: 7. t]|[vg,...

,vn]|<v,--- ,Z)>

B.3 Types
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C.4 L*' Evaluation Contexts
Euw=[]|Et|(Ax:7.t) E
| [E,....tnls|[o1s-- - Esevistnls| (015« s On-1, Els | [E,s . - . s tnls
| [’U],...,E,...,tn]t|[’U],...,’Un_l,E]t
| <E,...,tn>|<'Ul,...,E,...,tn>|<’Z)1,...,'Un_1,E>
| not E|E==t|v==E|E op t|nopE
| E bop t|b bop E
| const_genE
| shift_s nE|shift_t nE|up_1d_s n E|up_1d_t nE
|
|
|
|
|
|
|

7:=N|B

ou=seqno|oXo|r

fue=0—>0|0o

B.4 L°¢°9 Evaluation Contexts

Euw=[]|Et|(Ax:7.t) E
[E,....th]|[v1s. . - Es oo tn] | [01s - s U1, E]| (B, - - - )
<U],...,E,...,tn> | (’Ul,...,’Unfl,E>
tuple_to_seq E|seq_to_tuple E
not E|E==t|v==E|E op t|nopE
E bop t|b bop E

|

I select_1d_s n E|select_1d_t nE
|

|

| lut_genE t|lut_genv E|const_genE

|

|

|

|

map_s E t|map_s v E|map_t Et|map_t v E
map2_s Ett|map2_s v Et|map2_s vv E
map2_t Ett|map2_t v Et|map2_t vv E
reduce_s Et|reduce_s v E

reduce_t Et|reduce_t v E

reshape o o E

shift nE|up_1d n E|select_1d nE
partition nn E|unpartition E
map E t|map v E|map2 E t t|map2 v E t|map2 vv E

reduce Et|reduce v E C.5 LSt Evaluation Contexts
B.5 L°**9 Program Contexts cu=[]let|(Ax:T. )¢
¢ u= []|¢t|t¢‘/‘lx1’ ¢ [C,-~-,tn]s|[tls~-~sc»-~~»tn]s|[t1,'--’tn—l,c]s|[ca~--,tn]t
- n HaooosCyonost ty ooy tno1, €
TR 1TSS [OOSR eyttt
<t1,...,t,...,tn>|<t1,...,l’n_1,t> secenln Ioeeesbyeeenin 1o+ +5tn-1»

not c|c==t|t==c|copt|n op ¢
¢ bop t|b bop ¢
const_gen ¢

|

|

|
tuple_to_seq ¢ | seq_to_tuple ¢ I
|
| shift_s nc|shift_t nc|up_1d_s nc|up_1d_t nc
|
|
|
|
|
|
|

not clc==t|t==c|copt|nopc
¢ bop t|t bop ¢

|

|

|

|

|

I lut_genct|lut_gentc|const_genc select_1d_s nc|select_1d_t nc
|

|

|

map_s ¢ t|map_s tc¢|map_t c¢t|map_t ¢
map2_s ¢t t|map2_s tct|map2_s ttc
map2_t ctt|map2_t tct|map2_t ttc
reduce_s ¢t |reduce_s tc¢

reduce_t ¢t |reduce_t tc¢

reshape o ¢ E

shift nc|up_1d nc|select_1d nc

partition nnc|unpartition ¢

map ct|map tc|map2 ctt|map2 tct|map2 tic|
reduce ¢t |reduce f¢

C L' Formalisation

C.1 Terms

t == undef |n € N | b € {True,False} References
Ax:T.t | x ‘ [t,....t] | (t,....t) | ti [1] Thaddeus Koehn and Peter Athanas. 2016. Arbitrary streaming permu-
not t|t == t|t op tstope {+ — =%/} tations with minimum memory and latency. In 2016 IEEE/ACM Interna-
t bop ts.t.bop € {V,A} tional Conference on Computer-Aided Design (ICCAD). IEEE, 1-6.

const_gen t [2] Xilinx, Inc. 2018. Zyngq-7000 SoC Data Sheet: Overview. Xilinx, Inc.

|
|
|
|
| shift_s tt|shift_t ¢t¢|up_1d_s tt|up_Td_t tt¢
| select_1d_s tt|select_1d_t ¢t

| map_s tt|map_t tt|map2_s ttt|map2_t ttt

| reduce_s tt|reduce_t tt

| reshape oot

C.2 Values

vue=undef |n|b|Ax: 7.t |[vg,...,o0ls || [V1,- -5 0nls |
(v, ,v) | invalid

C.3 Types

7= N|B

ou=sseqno|tseqnno|oXo |1

fi=0—>0



Type-Directed Scheduling of Streaming Accelerators — Technical Appendix PLDI °20, June 15-20, 2020, London, UK

T'rt:r
I'rundef:t I'rtn:N Trb:B
I;(x,t)rt:1’ T'rt:r—> 1 F'riy:tT (x,7) el
Trix:tt:1—>1 IF'rtyty: 1’ Trx:t
Vi€1...fl.r|-tiIT Viel...n.rl—tizr,- F'—tlflx...xfn
Tt [t,...,th] :seqno Tr(t,. .., tn) i1 X ... X 1Ty Trti:z
T'Ft:TX... X1 I'kt:seqno
T+ tuple_to_seqt:seqno T'Fseq_to_tuplet:rX...X7T
Trt:B 'y :N F'rt:N
T'rFnot t:B Trt == t,:B
't :N T'tt:N T+t :B 'kt :B
'kt op tp: N 'kt bop t:B
F'rt:r Trt: N IF'rty:seqno
T'kconst_gent:t I'+shiftt; t,:seqno
TrH: N F'riy:seqlo Trt: N T'rity:seqno
F'rup_ldtit,:seqno I'tselect_1dt; tr:seqlo
Trt: N F'riy: N I'ri;:seqno T'+t:seqn’ (seqn” o)
I'+partitiont; t, t3: seqn’ (seqn” o) I'kunpartitiont:seqno
'tti:o0—> o’ IF'+tty:seqno I'tt:o >0 —>o” IF'rt:seqno T'rt;:seqno’
IF'tmapt; t,: seqno’ TrFmap2t; ty t3: seqno’”
'tth:(cXo)—> 0o IF'rt,:seqno

T'kreducet; t,:seqlo’

Figure 1. L**9 Typing Rules

(Ax : 7. t)u ~P t{v/x] (U1, ...,0p).0i ~P v;
tuple_to_seq (vy,...,vn) ~P [v1,..., 0] seq_to_tuple [v1,...,vn] ~P (v1,...,0,)
not True ~»? False not False ~»? True n ==n"~fnl==]n
nopn ~? nfop] n’ b bop b’ ~»P b [bop] b’
const_genv ~»P v
shift n’ [vy,...,0n] ~? [undef,...,v1,...,0p—p]
n
—— select_1d n’ [vy,...,v,] ~P [vy]

up_1d n [v] ~? [v,...,v]
partition noni[vy,...,vn] ~P [[v1,...,0nils - oy [Un-nit1s -+ > Onl]
unpartition [[v1,...,0nils .. s [Un-nitis -+ -»On]] ~Ff [01,...,04]
map (Ax : 7. t) [v1,...,0n] ~P [(Axy i 7. 1) U1, ..., (Axp : 7. 1) Uy
map2 (Ax : 7. (Ax" : 7', 1)) [v1, ..., vp] [v], .. o] P [(Axg s 7. (Ax] s T 1) vy vf, ..o, (Axp s 70 (A, 2 T2 1)) 0, 0]

reduce (Ax : X 7.1t) [vg,...,0p] P [Ax1 i XT. 1) v ((Ax s T X 1. 1) 0g (.. (Axy 1 T X 7. £){01, 02))))]

Figure 2. L**9 Primitive Reduction Rules
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Viel...n.T'vrt;:7
T'F[ty,...,th]s : SSEQU O

Viel...n.Tvrt;:1
Tr(ty,.. sty T X X Ty
TrH: N I'tt:ssequo
I'+shift_st; t,:ssequo

Trt: N T'rty:sseqlo
IF'tup_ld_st; tr:ssequo

TrH: N I'tty:ssequo
T'+select_1d_st; t;:sseqlo

I'tti:o0— o’ T'ri,:ssequo

T'rmap_st; t, : sseqov o’

F'rtj:0 >0 —>o”
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T'rt:r
Viel...n.Tv+t;:7
Tr[t,....th]; s tsequioc

T'rt:mgX... X1y
I'rti:z

F'rt;: N I'tt:tsequio
T'rshift_tt t,:tsequio
T'rt;: N F'rty:tseqlio
F'rup_ld_tt th:ssequi’ o
F'rt;: N F'ri,:tsequio
T't+select_1d_tt t3:tsseqli’ o

I'tt:0—> o’ Tri,:tsequio
Trmap_tt ty:tsequio’

I'+t:ssequ o T'ht3:sseqouo’

I'Fmap2_st; tp t3 : ssequ ¢’

'rtj:0 >0 —>o”

T'rt:tsequio T'riz:tsequio’

IF'tmap2_tt t t3: tsequioc”

Trtt:(oXo)—>o0o

I'tty:ssequo

I'tt:(cXo)—>0o I'tt:tsequio

I't+ reduce_s t; t; : sseq 1o’

I'treduce_t t; t, : tseq1i’ o’

IT'rt:o

I't+reshapeo o’ t:o’

Figure 3. L' typing rules. Duplicates from the L9 are omitted.

shift_sn’ [vq,...

shift_tn’ [vy,...

n
——

up_ld_s n [v]s ~? [v,...,v]s

select_1d_s n’ [vy,...

map_s (Ax : 7. t) [0y, ...
map_t (Ax : 7. t) [vy, ...

map2_s (Ax : 7. (Ax" : 7. 1)) [v1, ..., onls [Vf, - . .

map2_t (Ax : 7. (Ax’ : 7. 1)) [0y, ..

[(Axy i 7. (Ax] s 7. 1)) v1 v, ..

reduce_s (Ax : 7 X 7. t) [vyq,..

reduce_t (Ax: 7 X 7. t) [vg,...

»Ons v ’UrH—i]t ~P [undefa cees U1,

»Unls ~P [Vn]s

,Onls ~f [(Axy s 7. t) v, ..
> Uns - - -7vn+i]t ~P [(Axl tT. t) U1y .-

yOopls ~oP [(Axy s 7. (Ax) : 7/. 1)) vy 0, ..

s Ony oo s Onyile P [Axg e X1 t) 01 {(Axg c T X 7.0 1) g (.. (Axp 2 T X T. 1){01,02)))), .

,Op] ~Pf lundef,...,v1, ..., 0p_p];

-5 Un—n’s. .. 7Un+i]t

n
—_——

up_ld_tn[o,...,onsils ~P [0,...,0,. .., 0nsils

select_1d_tn' [v1,...,Unyev oy Unaile ~P [Unry ..oy Untils

L (Axp T t) vgls

. ’(Axn :T. t) Uny et ’Un+i]l’

o Axp T (Ax) 2 T 1) vy s
G S P

-,Uns~--»vn+i]t [vis"'

Axp i (Axp T ) vp vy L Opgs U e

Opls P [Axp e Xt t) o ((Axg st X1 8) 0y (.. (Axy T X 7. 1) (01, 0N s

. ,vn+i]t

reshape o ¢’ v ~? v’ s.t. v’ and v are equal when converted to a flat seq

Figure 4. L*' Primitive Reduction Rules. Duplicates from the L*¢9 are omitted.
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