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MORE ON CUTTING A POLYGON INTO TRIANGLES OF
EQUAL AREAS
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ABSTRACT. In 2000 a general conjecture was proposed: a special polygon
cannot be cut into an odd number of triangles of equal areas. It has been
proved that the conjecture holds for polygons with at most six sides. In
this paper we prove the existence of special n-polygon for any integer n > 6
and discuss the conjecture for special polygons with seven sides.

AMS Mathematical Subject Classification: 52C45.
Keywords and phrases: Equidissection, odd equidissection, special poly-
gon, 2-adic valuation.

1. Introduction

In [1] Stein proposed a generalized conjecture about cutting a polygon into
triangles of equal areas. Let P be a simply connected polygon in the xy-plane
with an oriented boundary. Orient the edges on the boundary of P to be consis-
tent with the given orientation. Two edges of P are said to be equivalent if they
are parallel. If the sum of the vectors in each equivalence class is the 0-vector,
we call P a special polygon. Stein proposed the conjecture that a special polygon
cannot be cut into an odd number of triangles of equal areas, and proved the
conjecture for polygons with at most six sides. We call a dissection of a polygon
into m triangles of equal areas an m-equidissection. An equidissection by an odd
number of triangles is called an odd equidissection.

It is obvious that there are no special polygons with three or five sides, and
some special polygons with four or six sides have been given in [1]. In this
paper we prove the existence of special polygons with more than six sides. We
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conjecture that special polygons with seven sides have no odd equidissection and
prove the conjecture for some typical cases.
First we summarize all necessary notations and lemmas from [1] for our dis-
cussion.
A function ¢ : R — R U {00} is a 2-adic valuation on the reals if
(1) p(zy) = o) + #(y),
(2) ¢z +y) =minfe(z), o(y)},
(3) ¢(2) = 1,¢(0) = oo.

The following are some properties of the 2-adic valuation (see [1]-[2]):

Property 1: ¢(1) =0, p(1) = —p(z).

Property 2: for any odd integer n, ¢(n)= 0.
Property 3: if p(x) < ¢(y) then o(z +y) = p(z).
Property 4: o(—x) = ¢(z), and ¢(3) = ¢(z) — ¢(y).

For convenience we denote ¢(z) by «’.
By means of a 2-adic valuation the points in the zy-plane can be divided into
three types:

e If 2/ >0and y' >0, (z,y) is of type 0 and is denoted by po.
o If 2/ <0andy' > 2/, (x,y) is of type 1 and is denoted by p;.
o If y <0 and gy < a’, (z,y) is of type 2 and is denoted by ps.

A line segment whose ends are a pg and a pp is called complete. A triangle
whose vertices are labelled pg, p1, and po is called complete. A polygon whose
border contains an odd number of complete edges is called complete.

Lemma 1 ([1]-[4]). If a complete polygon of area A is cut into m triangles of
equal areas, then m’ > (2A) =1+ A’. If A’ > —1, then m is even.

Lemma 2 ([5]). If an m-equidissection of a polygon of area A contains a com-
plete triangle, then m’ > (2A) =14+ A’. If A’ > —1, then m is even.

Consider a simplicial dissection of a polygon in which each vertex is labelled
Do, P1, or pe. The adjective “simplicial” means that two overlapping (closed)
triangles intersect either in a common vertex or in two vertices and the entire
edge that joins them. Let ny (pop1p2) be the number of complete triangles in the
dissection for which the order pg to p; to pg is counterclockwise. Let n_ (pop1p2)
be the number for which that order is clockwise. Similarly, let n (pop1) be the
number of sections on the polygon labelled pop; for which the order pg to p; gives
a counterclockwise orientation to the boundary. Let n_(pop1) be the number
for which that orientation is clockwise.
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Figure 1

Lemma 3 ([5]). For a simplicial dissection of a polygon in which each vertex is
labelled pg, p1, or ps,

n4 (pop1p2) — n—(pop1p2) = Ny (pop1) — n—(pop1)-

2. The main results

Theorem 1. For any integer n > 6, there exists a special polygon with n sides.

Proof. When n is even, a regular n-gon is a special polygon, and the conclusion
is obvious.

When n is odd, suppose n = 2k + 1 (k > 3), and take a regular 2k-gon,
attach a parallelogram acde to a side, say side a of the regular 2k-gon, as shown
in Figure 1, where side e is on the extended line of b which is adjacent to a.
Replacing a by consecutive ¢, d, e we obtain a special 2k + 1-gon since the vector
sum of ¢ and e is zero. O

Now we consider different types of special polygons with seven sides. Seven
sides of a special 7-gon can only be divided into three equivalence classes, two of
which consist of two vectors (oriented sides), the other consists of three vectors.
We use the same number to express the vectors in the same class. Then each
special 7-gon can be expressed by an ordered index sequence njnensnansngny
where n; € {1,2,3}, and each index sequence consists of three 3’s, two 1’s and
two 2’s. The index sequence of a special 7-gon satisfies the following conditions:

(1) The components (numbers) in an index sequence are ordered circularly
and hence a index sequence may start from any one of its components.
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Figure 2

(2) 1 and 2 in any index sequence are symmetric. Two index sequences are
considered to be the same if one of them can be obtained from the other
by interchanging 1 and 2 in its components.

(3) In any index sequence two consecutive numbers are always distinct.

(4) 1, 2, 3 must appear consecutively (not necessarily in a definite order) in
some part of a index sequence.

It’s easy to check that the following table shows all possible index sequences
which satisfy conditions (1)-(4) :

1321323
1323123
1231323 1323213
1232313 1323132
3213132
3213231

But each index sequences in the right column can be changed into 1231323 or

1232313 by conditions (1) and (2).
Therefore, we obtain the following important lemma:

Lemma 4. There exist only two types of special 7-gons, type (I) with index
sequence 1231323 and type (II) with index sequence 1232313.

In each type there are different configurations of special polygons. We con-
jecture that all possible configurations can be transformed into the two configu-
rations shown in Figure 2.

Now we consider the special polygon of type(I) or type (II) in Figure 2.
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P(a,b) (a+1,b)
Q(a,c) (1,14+b—2¢)
o] "
(0,0) (1,0)
Figure 3

Assume that such a polygon, situated in the zy-plane, is tiled by m triangles of
equal areas. Label its vertices by @1, Q2, @3, Q4, @5, Qs, Q7. Each triplet of
three consecutive vertices, @;, Qi+1, @i+2, where the indices are viewed modulo
7, determines a triangle of area A;. Let @, Qj4+1, @;+2 be a triplet for which
A’ is a minimum.

Theorem 2. A special 7-gon of type (I) has no odd equidissection for j = 3,4.

Proof. When j = 4, let T be the affine transformation such that T(Q4) = (0, 1),
T(Qs) = (0, 0), and T(Qs) = (1, 0). Let R be the image of the given polygon
under T'. Other vertices are labelled (a,b), (a,c¢), (a+1,b), (1,1+b—c). Let P
= (a,b), Q =(a,c). Figure 3 displays the labelling of R.

The area of the triangle with vertices (0, 1), (0, 0), and (1, 0) is 1. The area
of the triangle with vertices (0, 0), (0, 1), and (a,c) is 5*. The area of the
triangle with vertices (a,b), (a4 1,b), and (1,1 + b — c) is <51. The area of the
triangle with vertices (a, c), (a,b), and (a+1,b) is 25¢. Since T preserves ratios

of areas, it follows that (52)'and (451)" and (45¢)’ are at least (). Thus

a>0,0>0 ¢>0 (%)

Obviously the area of R is b — ab + ac.
The following are nine cases according to the types of P and Q:
(1) Pisapg, and Q is a pg, i.e., a’ >0, >0, > 0.
When b' < o, introduce the linear mapping (z,y) — (z, ¥) and let S
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Figure 4

be the image of R under this mapping. Figure 4 (a) shows &, which is
complete.
Since the determinant of the mapping is %, the area of S is

b—ab+ ac ac
f—l—a—i-?.

Hence (area of S)’ = 0 > —1. Thus m is even by Lemma 1 and the
theorem is proved in this case.

When b > o, introduce the linear mapping (z,y) — (£,y) and let T
be the images of R under this mapping. Figure 4 (b) shows 7, which is
complete. This mapping has determinant %, the area of 7 is

b—ab+ac _ 9 _bte
a a
Hence (area of 7)" >/, mis even by Lemma 1 and the theorem is proved
in this case.
Pisapg,and Qisapi, ie,a >0,0>0;a <0,a <.

This case leads to a contradiction.

Pisapg,and Qisapy, ie,ad >0,0 >0, <0,c <a.

In addition, ¢/ > 0 by (%), so ¢’ = 0. Similar to case (1), we reach the
conclusion.

Pisapp,and Qis apg,ie,d <b,a <0;a >0,c >0.

This case leads to a contradiction.

Pisap;,and Qisapi,ie,d <b,d <0;a <0,a <.

In addition, a’ > 0, by (), so @’ = 0. In this case R is complete, and
since (area of R)’ = (b — ab+ ac)’ > 0, m is even by Lemma 1 and the
theorem is proved in this case.

Pisap,and Qisapy, ie,d <b,d <0;d <0, <d.
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(14+a—c1) (0,1)
(a,b+1)
f (0,0) (1,0)
P(a,b) Q(c,b)
Figure 5

In addition, ¢’ > 0 by (%), so ¢/ =0, thus a’ > 0, then the case leads
to a contradiction.

(7) Pisape,and Q is a pg, i.e., b/ <0, <a’;5ad >0,¢ >0.

In addition, ¥’ > 0, by (), so &’ = 0. In this case R is complete, and
since (area of R)' = (b—ab+ac)’ =0 > —1, mis even by Lemma 1 and
the theorem is proved in this case.

(8) Pisaps,and Qis apy,ie, b/ <0,0 <a;ad <0,a <.

In addition, b’ > 0 by (x), so b’ = 0, thus @’ > 0, then the case leads
to a contradiction.

(9) Pisaps, and Qis a py,ie, b <0,0 <a’; <0, <da.

In addition, ¥’ > 0, ¢ > 0 by (%),s0 b =0, ¢ =0, thusa’ > 0, =0,
d=0.

In this case R is complete, and since (area of R)' = (b — ab+ ac)’ =
0 > —1, mis even by Lemma 1 and the theorem is proved in this case.

The proof is complete for j = 4.
When j = 3, let T be the affine transformation such that

T(QS) = (07 1)7 T(Q4) = (070)7 and T(QS) = (170)'

Let R be the image of the given polygon under 7T'. Other vertices are labelled
(a,b), (¢,b), (a,b+1), (1+a—c,1). Let P = (a,b), Q =(c,b). Figure 5 displays
the labelling of R.

The area of the triangle with vertices (0, 1), (0, 0) and (1, 0) is 3.
The area of the triangle with vertices (0, 0), (1, 0), and (c,b) is 2.
The area of the triangle with vertices (a,b), (a,b+ 1), and (1 4+a —¢,1) is
1—c
2

The area of the triangle with vertices (a,b+ 1), (a,b), and (c,b) is <.
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Since T preserves ratios of areas, it follows that (52)’, (15<) and (52)" are
at least (3)’. Thus

a>0,b>0 ¢ >0 (%)
Clearly the area of R is ab — c¢b — a.

As in the case j = 4, similarly we have nine cases to consider according to
the types of P and @), and here we need only to give the proofs for the following
two cases:

(1) Pisaps,and Q is a p;.
e, b <0,V <a’; <0, <V.
In addition, ¥’ > 0, ¢/ > 0 by (x), so b’ =0, ¢/ =0, thus a’ > 0.
The only case when the labelling is not complete occurs when (a, b+1)
is a pg, and (1 +a —¢, 1) is a p1, by using Lemma 2 and Lemma 3,
m' > (2(ab—cb—a)) >2' =1, then m is even.

(2) Pisape, and Q is a ps.
e, b/ <0,V <d; b <0,0 <.
In addition, ¥’ > 0 by (x), so ¥’ =0, thus o’ > 0,4 =0, ¢/ > 0.
Similar to case (1), the only case when the labelling is not complete
occurs when (a,b+ 1) is a pg, and (1 +a — ¢, 1) is a p1, by using
Lemma 2 and Lemma 3, m’ > (2(ab — ¢b —a))’ > 2’ =1, then m is
even.

The proof is complete for j = 3.

In a similar way we obtain the following result.

Theorem 3. A special 7-gon of type (II) has no odd equidissection for j = 3,4.
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