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ON TIIE ENERGY OF STORMS

.  BY MAX MARGULES

fDated, Nouenrber, rgoq. Translated, front, tlze append.ir to the antr.ual volurne

for ryo3 of the Imperial Central Institute for Meteorology. Vieuna, tg65f

GENERAL SUMMARY

When the velocity of the rvind is 3o nr..f sec., the living force or
kinetic energ'y of one kilogram of air is 4So kg.r1r.2 sec.-2 ornearly
equivalent to o.r calorie. This amount, u-hich is not iarge, in
comparison w-ith the energy corresponding to the quantities of
heat that t kg. of. air at the surface of the ground receives and loses
drring one day, does appear very large when lve compare it with
the energy of a wind of average velocity, such as 5ttr..fsec.

It is not probable that such a very large proportion of the heat
communicated to the air is converted into kinetic energy during
stormy weather. We shail oow seek for conditions of the atmos-
phere by I'irtue of which a sufficient supply of potential energy
is stored up to maintain the storm; s'e sha1l a1lorv ourseives to
be led by experience and will start rvith the relatious betr.,'een the
nrechanical and the thermal forms of energy in a gaseous mass.

$ (t ) A mass of air extendin g from the ground upr,vard anrl borrnded
by a vertical wa1l (and sometimes even the whole atmosphere) will
serve as our closed atmospheric system. For any such system the
equation of energyl is

aE+aF+a7+tn l :o
rvhere d.dls the increase in the kinetic energy of the systenr;

dF is tlie corresponding change in the potential energy of
pesition, considering gra.ritation asthe only external force;

-dA is the work done by the pressural forces;
1I have takenlthe liberty of substituting capitals

dash for the Gemran type used by Margules.-ABse.
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-(R) is the work done by the frictional forces,or -J- i/i: :
, the loss of kinetic energy by the action of frictit,rr :,rr I

other resistances.

Of these quantities the first two depend only on the initiai strg.
and fina1 stage, the other tli'o depend on tlre nature of the nr,rti, r,

In a closecl system the rvork of the pressural forces [or -t.lJ r..
equal to the whole rvork done by the expansion of the aii. L,.t
(0) be the increase of ,heat, and dI the increase of interrral encll",
then ,

( Q ) : d I - 6 A

For motions that occurwithout any general increase of lie:rt (i,rrt

in ri'hich internal exchanges of heat or even external additions an i
'rithdral'als that baiance each other are allowerble), thevalrrc oi ,i. i

has also this same property, since D7 depends only ot the firral st;rr;,'

The generai equation of energy for a closed systern s5 dq1lu, r' :

from the preceding considerations,

(0) :D(K+p+o+(R)

tells us that that part of the added heat that does not scr\'{' i'

increase the intelnal energyn represents the increase in kirir't:

energy and in tire potential energy of position and in the c'c;ttsrtl:t'

tion of eneJgy in overcoming friction. If there be no incrcl'c ' i

heat then the increase of mechanical energy takes place lit. t i r

expense of the internal energv already present.

$ (r) By the help of this last equation r.e will first seek for a t'l' '"' '

dry air system that without any increase of heat can devcl()li r"li'

great kinetic ellergy as lre observe in stor:ns.
Let the air be initially at rest but not in equilibdum' It st:trr

in motion and tends to attain a condition of stable equilil'i'i'r:';

In genelal we knorv the characteristics of this fina1 conditi{}Il: (:r i': '

horizontal layer is a surface of equal pressure and equal tettti't': ''

ture, the entropy (or the potential temperature) increases u'ilii':''

altitude. fn order to cornpleteiy determine this final strtilc ' "
rni1l assume that every part of the massbehavesadiabaticrrl lr ' '  ' :

isentropicaliy, during the motion. We nolv construct the l" 
'

stage by the follot' ing process: rve seek first the nrasses l i;rvit:11 I

least entropy at the initial stage; these r','i11 form the lon'est cl ri;: i:-'

the other nasses rvill alrange thenrselves proceeclilg riprt:r' l' t
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tlie order of the incleasing values of initial entropy. Equal masses

of eqrral entropy can be intelchanged at rvill.

The available kinetic energy of the system, including the loss

by friction, is determined by the relation

ar + tn) : - a rp + Il : tF+-0" - e +7),
where the iddex a,belongs to the initial and a to the final stage.

'(P 
+ i;" is th" snrallest value tliat the sum total of potential and

internal energy can have under adiabatic condition.

If there be no friction then this equation is to'be understood as
follovs: The largest anount of kinetic energy rvill be at-tained rvhen

all the grasses pass through their lespective appropriate positions

of equilibriurn simultaneotisly; if this does not occur then the
kinetic energy attainable will be less than this rvhich v'e n'i1l desig-
nate as " availabie energy. " During the penduious osciilaiion
of the masses, a part of the potential and of the itternal energy
is stil1 latent.?

If there be friction then the kinetic energy increases and be-

ecorr€s a larger fraction of the total amc.runt of avaiiable energy
in proportion as the influence of thefriction is smaller; afterthe
masses of air have approached their fi.nal positions this fraction
diminishes and becomes zero rv-hen the fina1 stage is attained.
The condition of isentropic change is not precisely fulfilled since
the friction produces heat. In our analysis 1ve assume that this

lreat is again rvithdrarv-n from the air-mass. This limitation is of

slight importance in the case of atmospheric motions.

$(g) Of all the difierent kinds of stormsthose bestknorvn to me
are the gusts of r,rind (the boe-en) rvhich are accolnpanied by rapid
increase of atmospheric pressure and rapid fa1l of temperature.
These were first investigated by Koeppen. ilfasses c.,f air of unequal
temperatures at identical levels are separated b1' a sirarp boundary
that ad'i'ances with the storrn l'ind torvard the warrner side. The

difierence of temperature, *'hich is often roo C. at the surface of
the ground, continues up to an altitude of nearly zooo meters. The
pfessures at greater altitudes, not far from tire boutdary, are equal
over the rvarm and cold regions but at the groturd tirey are greater

in'the cold regiorr.
Based on this general experience I have formulated the follow-

ing problem: Let the mass of ail in the lower part of a closed
'systern, 

A, B, C, D, be initially divided by a screen into trvo parts

zHelirrholtz describes the flee (freie) energl', .F, of any system, the total
(gesammt) energy, u, ar'd the latent (gebundene) energy, 11-p,_-ilp11ep.
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(see fig. la). Let t l ie co1,1 air tre irr the left hald chc:--,ber r lrrrr
the *'a*' air irr the rigit han - e; each mass of air to be ai rest lrr, j
in either stable o'neutral eqll: i ibrir.rnr;t1ie *{role mass,:: ;r. ir iu r.r,,:
enciosure ab.r.e these trvo ci:a.rnber-s takes no part ir i : i :e foll,,:,  ̂
ing processes, 1\-e call replace i: by a movabie heavy.ri is:rr. Wlr;rl
amount of liinetic energ\- bec,-rrnes arrailable rvherr l-e :amcrve ilrr:
screen and let the rnasses r lr:,d 2 n1o\-e aclietbaticall l-I

If in the init ial stage t1:e e::ir-o1.ri..rf a kilogr.an of ,..,r, higlr6,st
layer of the rnass (r) is 5ma1le; i i :an that of the lorr-est 1a.,er of rrrarr,
(e), then in the fina1 stage tie r\rhole colc1 'rass of air:.,"i11 si,rc,,, l
out belorvor at (r,), ancl t l ie:j-ar1t1 tnass rr.i l l  bc sprea,l .,-.,1 al.,or_,,
or at (zt) as shox'n in fig. r &.
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If the equil ibrium rvas stable ,-,n b,,th sides of the sc'ret' tht:rr
in every part the selial oi.. ler c; t l:e st.ata is retaine.l r: ier t lrc
overturning.

If t ire equil i. l- ir iurn in (r) anrl i:) r,-as neutral in the ini:!:: i  st..gc
then it r-i11 rernain so in tl.:e fing. stage (rr) and (zr).

Let 7' be the abs.lute tem: ::atu:; of iL' ele'ienta:.-,- nrrrs:,
t / r r r  i r r  t l re  iu i t ja l  s tnge:  T,  l . \ . . t t i , , ,  -1r"  c . - t j - ic  r i t r rsJ i t r  the 6 i1,"_ 5{ l r ;1r ,  1
Crt l te  speci f ic  heat  r . , f  a i r  r rn, ler  ! .1sta: . - !  l ) fess1i l -e;  Cotbat  :  . :  t . r , r r -
stant vohirn", Co - C, : R tlte:: *,r-e :,nrl

aF : n I fr,- 7') cttit a
rvhence the available kinetic:

-afF+-r ; -  T ' t )  dn t
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r'"'here DP is the change in the potential enel'gy of position for the
lr'hole system including that of the piston. dF and d1 are the anal-
logs of the exterior u'ork and the change of internal energy of a
small mass of air unrler constant pressure. These equations hold
good in general for any change of location of the masses of air v'hen
the pressure remains constant in the superposed movable leve1
surface.s The integrals are to be extended over all the masses
lying below this surface.

The quotient of tire available kinetic energ), by the mass belo'n'
the piston givbs the averageenetgy $V2perunit of mass. IMhen the
above assurned overturning of the masses takes place and the
volumes of ttre tn-o chambers are eqr1a1, the colresponding value of
I/ is given by

v : tr \ /  gn;
rvhere g : acceleration of gravity; h : altitule of the chambers;
I, and Trate the init ial average temperatures: ?: (7, - Tr)/Tr.
Assu r .n ing  T r :273 " ,7 -z :  z83o  a1 rdh :  2ooo ,  3ooo ,  6ooo  me te rs
successively, r.e fincl V : tJ, r6, z3 meters per seconrl respectively.

In the case of cold and wartn rooms in drr-ellings har,-ing the same
temperatures as abo\rebuth: S meters rr.e f;nd V : o.67 nt.fsec.

But this conrputation tells us nothing as to ho$' the available
kinetic energy is distributed within tire masses. \\re see, however,
that with chambels eooo meters high and a difierence of tempera-
ture of roo C. a storol velocity cann<.rt pre'"'ail throughout the
u'hole mass but only in about one-fourth part of it, and in even a
still smaller fraction of the n'hoie rnass if rve abstract a large amount
fpr the loss of tire energy due to fi:iction. In boe-en or gusts, strong
rvrnds occrrr only on the cold side and close tcl the boundary."

The ratio of R to C" is that of r to 2.5 and by this ratio is the
rvork done by the force of gravity less than the diminution of
intemal energy u'hen the change of location takes place under con-
stant pressure. When the or.ertuming takes place under constant
volunle rr'e have the same value of V, and so also ri-herr it takes place
witir a very 5lery change of presstue in the level surfaces near the
boundary; but in these cases the ratio 6PldI is changed. We
have the same available kinetic energy if we 1i11 each chaurber rn'ith
an incompressible fluid n'hose mass is the same as that of the air
in this chamber, but in this case tire energl' arises from the 'n'olk

of gravity only.

;C"*".p""aine lo the piston.
I So also in northcrs, blizzatrls, chinooks, boras, purgas, ebc.-C. A
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$(a) Let us no\\ ' consider another svstem. In the chalnbcrs (r)
and (z) of fig. ro let tlvo lnasses of air be enclosecl u.hose resirgt.fi1.o
entropies are the same at the same altitudes:therefore the gr.r::rtr:r.
pressure will be on the side of the \lrarner air ; a cliffelence of pIr'ssrr r,.:
of .ro-- lnercur)/ at the base implies a difference of temper;rtrrrr:
of roC. only. Let each of the two masses be init ially ir-r stl lr lc
equilibrium

If now the screen be relnovecl and the total volume be unchangc,l
then the horizonlal strata that rvere initially at the sarne altitrrrlc::
unite to fornr one nesr stratum. The vertical succession rcnlrirrc
unchanged and so also the altitude of the center of gravity. '.1'l;,:

change of ints:nai energy as conputed for the unit of mass del'crr,i,'
only on the init ial difference of pressurernotoll the heigiit o[ t].,
chambers. We may therefore replace this system by a thin h,,:.i
zontal stratum that initially contained air in tn-o eeual tlivisi',rr:;
at pressures of 765-- and 755mm melcury respectivell'. '.1'lrc

available kinetic energy is that appropriate to a velocity of r .5 in/.rcc.
for the s'hole mass:that which is available for each unit of nrass is
far smaller than in those systems that with the same clistliltrrti,'n
of pressure at the base have horizontal differences of entropy.

It has already been shown by rne, in m-v treatise, r' 911 1l1s 1r'.r'1.:
represented by any distribution of atnrospheric pressure"s tlr:it
the energy stored up in such a distribution of pressult> as i.
observed in our lorver strata during a stormy periodluould rrr.rt su lli, t:
to develop the observed l<inetic energy of the storm, if the rn:rss,'s.
of ailw'ere only pushed horizontally out of their positions of ctpilil,-
rium.

A great velocity of a mass of air over a broad area untlcr liri'
influence of a horizontal. pressure gradient can only arise rvh,'tt
this gradient is maintained by some outside source of cncriir-,
otherrvise it would disap|ear befc.,re any portion of the nlass of :rtr '
had attained the velocity of a moderate rvincl. Dry air lx)ss('s(r''i
such a store of energy n-iren horizontal dift 'ere1lces of elltr()l)\ '"1
ordinary amount exist at any level ; and not only rvhen tltcrc is;r

sharp boundary betu'een warm and cold air but also rvhen tl i tr, '  r '

a steady continuous horizontal gradient of entropy.

$(5) The available kinetic energy of a system in lr-hich ltiasst':r "i
unequai entropy are suirerposecl in unstable equi.iibriunr ('all l'r

cornputed from tire energy equation. Here l,e fincl a sturc ,tf

IJubi lee volurne of the Central Inst i tute for l \{eteorologl,  p. . lgq, l) , ' : r} :
schri f ten, Inip. Acad. Science. Vol. XXIII .  Vienna, r9or. See N<;. XIl l l '  f
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energy sufrfrcient for the development of storms; hitherto it has
only been assumed that storms start frorn such.beginnings. The

existence of unstable conditions before a stornr has never been
demonstrated. Prohaska never found such cases in his numerous
studies of thunder-storms. Even in so-called calms there is still
enough motion to disturb a condition of unstable equilibrium.
The forces that are thus set free are greater than those correspond-
ing to tlie largest horizontal pressure gradients that have been
observed in the atmosphere. The accelerating force acting on a
foreign palticle of air lvirose temperature is I, when surrorrnded by
air tr'hose temperature is T, is

(7, - T)
c-- r -

andtherefore, for  I :  z73o andTt :274"th isbecome, I  ,  whereas
2 7 3

the force repl'esented by a barometric gradient of rmm mercury pe1'

rlegree of a great cilcle, at the base of the atmosphere is I The
I O O O

vertical distances in our atmosphere are small. Unstable conditions
can scarcely exist for any lengtir of time over extensive areas; they
lvould disappear very qriickly; theil existence has not been demon-
strated nor are they probable. Where there are adjacent rnasses of
air with very large dilTcrences of temperatul'e on the sarne ler.el,
as in the boe-en gusts, tiren cold air may intrrrde upon the r,r'arm
regign, and rvarm air florv over into the cold region', but in this case
the storm wind velocity arises not only b)'reason of the baronetric
horizontal pressure but aiso dilectiy,- by the action of gravity.

$(6) I\{any seek for the source of energy of a stornr in the latent
heat of condensation evolr.ed by the formation of clouds. I will now
compute the available kinetic energy for the following initial con-
di t ion:

In chamber r of fig. ro let there be dry air in neutral equilibrium,
but in chamber z an ideal fictitious gas that has the property of
expancling only l.'hen heat is added [and not by any <liminution
of pressrrrel but otherrvise behaves like dry afu. This latter gas
replaces the moisture-satrrrated air [of nature] and tire heat added
during its expansion correspollils to the latent lieat of condensation;
for nerrtral equilibrium the verticai climinution of temperature in
ttris fictitious gas is srnaller tl-ran that in the dr1' ait. The initial
condition is to be so r:irosen th4t aftel the removal of the screen the
rnass r spreads out Lrc1clu'and the nass 2 above;\Ye may then omit

'rEa' 
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the assumption of neutral equilibrium for the result will ltolrl g,;,i,i
also n'hen stable equiliblium exists initiaily in cach charnbcr,

The equation of energy is norv' to be applied in the folrn'

ax+ (E) : (Q)-ae+/)

where (Q) replaces the iatent heat of condensation. The rnass :
cools by expansion less than dry air', rvherefore it contribrrtts a
smaller portion to the -6(F + 7). The diflerence is exactiy rrur,!<r
up Uy the added heat (Q). It follovs that the latent heat of corr-
densation contributes nothing to the energy of the storln. Tlrc
available kinetic energ\r remains unchangeci, if in the initiai sliigr:
we substitute dry air of tire same temperature for the fi.ctitiotis gr,,r.
'We 

must replace tlre moisture-seturatecl air x'ith dry air c'f erprrrl
density, wherefore the latter ha-r'ing the same pressure must lr:rvu
a somewhat higher temperature.

$(7) The diagram, fig. r, is not intended to give a complete irlcrr
of the phenomena in boe-en; it only contains tliat n'hich \1'e ('orl-

sider as the condition for the oiigin of the storm,
The length of the chamber must be measuied by hundrc,ls ',f

kilometers but the altitude by very ferv kilometers. It is irrrlil
ferent ntether the separating sulface (or screen) is initially verti,'rrl
or,inclined, if only tlre rvedge-shaped volume is small relative 1,'
that of the rvhole cha:nber If the [hclined] borrndary surfnce lr,:
so laid that the colcler mass of air r extends as a sharp rvedge tr,rrritrrl
the ground, rve have every.n{rere steady distribution of presstri'tr.
For an angle of roo betrreen tire boundary surface and the hori/'rri
and for a chamber of 3ooo rneters altitude the length of the tvt',lg<:
is r7 kilometers; the diminrrtion of pressure at the ground ext(rir,l:;
over this distance. If tl:e boundary ad-,-ances at the rate of 85 liilti'
rneters per hour, then in rz minutcs the barometer at a.fl1r pl.'tt't:

will rise by the amount that corresponds to the dilterence iir tlit

rr,'eights of unit columns of cold and v'arm air. If the lengtlt 'l

tle charnber \yere 5oo kilometels, the result rvould not be nr:llrlrl-i'
different but the computation rvorlld be lrore troublesone. D"'crt
an inclination of ro for the bountlary surface rrith a distribrrti' rt

of the fa1l of pressure over a tlistance of r7o ki.lorneters would all,,""
of the existence of a great amount of available kinetic energ-\'.

I have as yet no <1efinite irlea as to hotv a con<lition invoiving ti:t'
. presence of a great store of pc,tential energy arises rvithortl tirt'

immediate occurrence of an unloaciing ol climinution of the itott'n-
tial by virtue of some rnovement of the air; in the present mcnr{irr

';*a*.l.Erri
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we simply assume an initial stage generalizeci from actual observa-
tions.

The restriction-of the mass of air to a closed system, the assump-
tion of a *'ell-defined boundary betrveen the cold and the \yarm
air, the introduction of revel surfaces of equai pressure, are arl
analpical auxiliaries that we employ in order to ascertain the
value of the available kinetic energy of a perfectly definite system.

$(8) If we are to give a broad. interpretation t' the results of our
analyses, we must omit numerical details. The phenomena of
motion in the great storm areas that q.e call c1-clorres are less intelli_
gible than those of the boe-en. But these also, at least in mecian
and higher latitudes, consist of 'r'arm and. cold masses of air lying
adjacent to each other horizontaily; cold air often spreacis orrt orrer
the earth in the lon'er strata behind the passing storm. It is there-
fore 'ot unlikeiy that these storms ar.e fed byltre potential erergy
of an initial stage similar to that r';iiich rve have adopted in the
preceding l ines.

The o1-,inion that the energy of c1rs16r.r ariscs from the overturn_
ing of masses of unequal temperature has been erpressed in receat
years by Prof. F. Ir. Bigelorv. rn one of his nremoirss r.e find the
following sentence:

"The cyclone is not formed from the energy of the ratent heat
of condensation, ho*e'er much this may strengthen its intensiry;
rl is not an eddy in the eastn'ard clrift, but is caused bythecr:unter-
flow and overflow of currents of air of clifferent terriperatures. "

Long ago w. Blasius had vainry labored to introdlce a simiiar
I'iew as to the origin of storms. In his books (Storms, philadelphia.
t875; atrd ".Strirnre and trIoderne l\{eteorolc,gie, " Braunschireig,
t8ss) this idea is found mixed. up v-ith other vie.ns tbat are, I
believe, less reasonable; ho'r'ever, they <leserve careful ccnsidera-
tion. From gir,'ing too much attention to the isobars, it has been
generally assumed that the air must ascend. only in. the centrai par-t
of a region of low pressure and that the motions are nearly syrn_
metrical about this- Ferrel as 'n-ell as Guldberg and IlIohn have
built on this assumption.

Our analysis gives us only a general idea as to the source of the
energy of storms; a r'orking moc1e1 of the c)'clone.rith symrnetrical

lgb"ttTjltemperature has not 1.et been constructed.
0 "studies.oa the meteorological effects of the solar and terrestrial phys-

ical processes. 'Weather 
Bureau publication, No. e9o, 

'Washington, 
i9o3,

p.,37; separate print from the llonthly \\'eather Review, Feb., i9o3, p. Sa.
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It is statetl cif tropical ulrir l l ' inds th:rl orclinarih. .,r-it1.in i lrt, i ;.
areas tLcre is obscrveil. at thc eal-th's suface 11r-'r great rl i lTct.crrie r,f
tetnpera.tnre ancl t iral, tbe ct'clonit: i l istribrit ion of pressufc oll l-\ '
extends upvard to all, i turles of a fel- l i i l ,rrneters. I lcnce it r i iay
be coriclrrdecl t irat near the grc,uutl l i ie centrai pirrt of the stoi:rr
area is thc t,, 'arrnest. I{eltnholtz, in his arldress r-rn "Wlri l l  rt irr,r..
and Thunclerslorrns, " asslurlcs that t ire stornr begiris r,r ' i th ; irr
unstable conclit ion abote a s.mail area; accor(1ing to the cr-rurrnrlrt
t ic,,ns of Re1'e, t lre vertical t l istributir,rn of temireratnre alorrrrrl t l ' i : ;
ceutral region rnrr,1'be stable; the iol 'er strata are pus;her1 ui)\\ irr.(j
through this centr:rl hole; thc 1a1's1r that at f irstrr-ete abovc tlrcrr
sink lotler. lfhis process is deperrdent ttrateliail l '  ot-r the \:ai)1rr.
contentl and on another occasion ve .r\ ' i11 investigate lrorr. t j te avail"
abic energ,v- is 1.o be t--ont1,,rriecl fol this case. I ir orc]el ttr jrr, i ;-,:
rvhethel  th is  ic lea:s i i1  appl ] ' to  t ropical  c) ' r ' iones \ r 'e  l rmsl  l . : r r r , r ' .
accuratc l_r ' t i re  condi t io : : . - r ,  e :pcc ia l l .v  the tem|s1 '4 i111s bot l t  i r r : , i , j ,
and outside the relatively srnall alea of the stor:n.

W. I I .  Dal is  has showirT t l ta t  to lnadoes or ig i l ra te c,n ly  in  t l r r
neighbor"hor:d of the borrncl irrv beL-,r'cen coid and ti-arin ln.tSSCs r:l
air, a cil 'cul:nstance that harl sjcaj:cell '  been considclerl beforc rrri l
the knorr' leclgc of ri 'hicir cian bc ver_v useftl l  in f indirrg tlre sr,irr, t:
of energ,,: of these enignaticrrl sltrt;t ls.

ADOPI'IID NOl'l.l'ION

$(9) The follot' ing nolation ancl t l ie numelical r-alues ef l l14 1y;lr r '
inrport,ant constants rl i l i  be irsecl:

l, the tinre.
r y z, Lhe l 'ectalrguiar coorrl i lrates of a i 'oi irt 1sf61l's'! t, i  , i

s ) 's tenr  of  axes that  lo tate l i th  t i re  ear th,  5 bei r r l '  r ' , , . '
ticai and positive upri'ar-ils

c, the velocrtyat this point reia.tive to l l ieorigil of I lrr '  ,:

axes.
1.1 11 7p, the corresponcliltg conlli.rnents of the Velocitv c.

k, the volrrme.
ln, tire tnass.

' d *,the 
synrbol for the total difterentiai cocfficictt l , '1 . '

dt
function rvith i'egard to the time or

daaaa
+ u :  ] u - ^ - l t u . .d t  0 t  " 0 s  - 0 y  

0 z

7 l lann: Lehlbuch der rrreteorologie, Braunschrveig, r9or, p. ioS.

0, rt.

I ,V , I

o a,v
o :
b  - - - -

0 t

A, A* A",  t

P , C
p , d
t  t a

tTl: ::

o , t
a = =  _ . - f

6 z

R,  t l

t t : R T p , 1 .
Cr, : : "
Co, s.
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0, tound ,J, ihe synrbol fol pattial dift'erentiation of any
function or variable.

I,I/, the 1:r-rtentiai,-rf t l ie attrac:tion of gr:avitation combined
rvitir the cenilifugal folce of tire diulnal rotation,

atv
f: , 

i ; 
: the loca1 apparent force of gravity, assunled to be

colrstant in these ilresellt applicaticlns alld to be

9.8o5966 t ; t  f  sec.2
,4 ,, A u, Ar, rectangrllar conlponents of the cieflecting force due to lhe

' rotzLtion of the earth, r-rt' tire general tert.ns of the
equations of rnolion that mr.rst satisfy the conclit ion

u . A r * u A u * w A " : 1 1 .

/, 'cla'stic pressrile l- ithin the zrir ' .
p, cleltsity of the air.
I, absolute lenrperatr-tle of the air in Cenligrade degrees.

f i', uverage teinpelatulc of large rnass of air.
d I

s : -- : r 'atc of change of temperatule of atrnosphere with

a l t i t u r l e .
11, thc colistant r-ri tlic ecluation of eiasticity for gas.

f  :  I (Tt r ,  thc cqrrat i , - ,n  of  e last ic i t l '  f ' r r  gas.
C' specific lierrt of ail unrier cc.rnstant p1'essL11'e.
Co, specific heat of air un<lcr c(rllstant volune.

Cr -C ,==R:  KCn i  K : : - t r : ?
/ p  u o

Por adiabatic change fi'onr poTrolo to ltpT rve have

P f t ' t t 1n  /P \ ,
n"-(r , )  

: \ ; / '

Iror ch'y air the nunrerical r'alues are

0 , 4 1
y : 1 . 4 1  ; K : ; , ' ;'  r . + . 1

R : 287 .A26 ":u:=: 0.06s9 .9n-!,^,
sec" U" hg U"'

nrct2 Cal
Ce :  9S7 09 

, i i " -Co:  
0.237 

Of 6o

c 0
-- 0.00993.1 23 - - ;

nleI"

5';.
" P
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-F, tvork done by frictional forces or + E tfie kinctic
energy lost by the r.hole system through friction.

R;,R.-r, n,. the corr-esponding rectiiinear components.
Q, quantity of heat added to unit mass of air per u.ir t irnr,
S, entropy of the unit mass of air.

(p), quantity of heat ac1c1ecl to the rvhole closed sl.stem irr
. lvhole time.

V, the a'erage velocity 'f motion thr.oug''ut :t 'v t. lr,:r, l
r _ system for the rvhole time.

. K, kinetic enel.gy of the rvhole mass of air in the s,\.srr.rlr
DIi-, increase of kinetic energy of the system.

e 
. 

-:--> !, potential temperatu'e of air rvrrose actual tempcr;Lt'ri:
is f at pressure /.

P] potential 
"r"rgy 

oi ,t 
" 

systemdue to its p<_rsit iorr an,!
the action of gravity.

dP, change in potential energy of the system accotlli)ilri.\.ltl.
the increase of kinetic energy, d6.

I, internal energy of the s),steni.
d'r, change of inter'a1 energy of the system when prcssur;rl

forces do external rvork.
dA-, the l.or-k done by pressural forces.

For the notatio' ancl values of these quantit ies in moist air sr.r:
Cliaptcl IV later.

CuaprBn I

T H E  E Q U A T I O N S  O F  E N I J R G Y  O F  A  } I O V I N G  P A R T I C L E  A N D  O I . , ] I I , ,
W}IOLE MASS O} '  AiR IN A CLOSED SYSTEII

$(ro) one of the equations that holds gooci for the nrotion .f rl,r
air relative to the systern of coOrcrinates rotating rvith the crrrlr i:;

d , u  a W  7  A D
7t :  

-  
a" - ;u ;+  &+ '4"

and the other trvo are analogous. F.rom these three there lesrrlts :r,
theequation of energy of a definite particle of airof unitnt;r.srl i,, i ..
ing rvith the velocity c,

d  / ;  \

A;\ t  +vv )
d'p \

i r ) - R c c o s ( R . c ) : t l

'4'4.,.;rd{,_ii.*.i-4d,+r.a,,;.r:;ii}i*i*gstoi.,:r.._

r t t
1 / d ' p

+ - l  : -  _' p \ d t

;"Fffiqq,rF ql1r,rF;.:fFrqsFln|l r' : -
+a1q5e9!+!f

; , r , .  :  .' 
-,-.,*tiiA,ai
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The inclease of the tr;tal kinetir. l .r11.1 ])ele11ii:r1 energv of the I 'ai ' t icie
is'ec4ra1 to the u'or-k rlont: b1' t irc 1,r'cssrLrlrl forces anc'1 the frictional

folces. The cleflecting fr-rce of the rcitation of the earlh being

lo lmal  to  the pat i rdoes notvork;  th is  is  a lso t r -ueof  thec, t l ierpor-

l ir lns of the term ,{. I lquation (i) i l i tTers fronr the equati, in of
ejlrergy fol absolute lnotion onlt ' irr respect to 1lie tueaning of I '7
r ' -h i ,  l i  conta ins a term r lepcnr l i r rg on t l rc  rotat iorr  of  t i re  ea:- t i r  jn

arlclit ion to the potential of t l ie attraction.
\Ve comtrine the clvnamical r 'elation (r) rvith the thertnai relation

d .A  d7 -  ICo- - ' - r - - _ - :
d t - " P d t  p d t

rvhich applies v,1ren the quantii.y of heat dU is irnl,arteci to the na.r-
t ic le  of  a i r  r i ' l i  j le  ,Jcsc l ib i r rg i ts  P3111 ds dul i i rg  11;e e letnent  c . l  l i ine r / i .
i t  i s  he le  ass r rmc t l  i ha t  j us t  as  j n  a i ra t r cs t , schc le t l i e i n r l - , a l t cJ
heat dQ serves only to increase tire internal energy by the quantiiy

/ 1 \
C , lT e ' rd io  net form the r ' . 'ork  of  e\parrs ion .h, i l  a  l '  Consc-t ' - \  , ,  l '

n u e r r f l t ,  
\ r / - f ) "  ' /

+t r ,  )  
- R c c o s  ( R r ) .  ( 3 )

\Ve rnust inclucle in dQ noi r..rnlr' tl're lteat colrimrrnicated frorl l'iih-
out but also that portion of tlie ireat clue to friction t1,.at belongs
to ti-ris smal1 elemeniar'-v nnit m€rss of air.

$(r t )  T i re equat iu l is  ( i )  and (3)  tv i lh  the factorTrdfr  n ' l ren in te-
(rrrted o\-er Lhe sJ)acc h, assu;:red to be fiiled r-ith air, give the rela-
tioris foi 'the t 'ota1 enelgy of t i ie l i lcle rnass r-it}: in that space.

In this integration \-,'e make u-qe of the eqiration of continuity

0 u 6 (u tt) A (y.u) [t u;u
- t -  

' 1 . - ' + - - ' - - ' - t -  
: O

d ,  d r  a ] '  d E

l f  F indicates a qui1l1i. ity that is considerecl as attached to a defirrite
elelrientary uass anci can t.,e extl-essled b1' a cuntirmous function of
the place ancl ti.irre, tiren by rrsirrg a rteil-ktclwn transfornratiorr lr'e
I rave

(aF
|  , . t t d k =

, l  o I

d t t  d l r  \

t lu  - : -  *  uzu '^  l  rJ le'  d l '  d z /

(t., c) d.O

(2)

d r  d . / c ,
J. -. 1 -

d t  ' d t \ 2
d8 ip

i " ;  
-

( a l i  ( ' i  6F
l - - . udk+  i ( r r r r -  - p

J  ( ) I '  , i  \ , '  0 ) t

t f  f
: _". I pt; tt t; - | ,, t., ,,,r,

d I J  J



546 sMrrHsoNIAN MrscELLANEous collEcrroNs vor.. .s I

u'here n is the direction of the normal diiected inward to the stlrfrrcc
O of the space &.

In a similar way $.e obtain

1'he surface integrals disappear in our case 'r,hen the mass 'f air
is bounded by fixed rvalls; and so also l,hen we extencl thc s1,11, 1,
integrai or the mass integral over the u'hole atmosphere, or o\.er ;l
mass of air that is bounded by the ground. and fixed vertical rvrrll,i
but is open above; assuming that both the pressure a.nd alsrr t lre
product of pressure by verticar velocity diminish to zera rs ri'
altitude increases.

The equation for the energy of the n'hole mass of a closerl systerrr
as obtained from equation (r) is as follows:

a f  /  c2  __- \  . ,  (pap  . .  f_
tJ  \  r t+  pw 

)du  *  )  o i i ae  
-  

J  
Rccos  (R ,c )pd .k :0 .  ( r ,

we would remark that here in closed systems the work clone bv tlrr.
pressural forces is equal to the sum of tire rvork done by the exr,arr-
sions of all the elementary masses or

- t;e-e#)uou

From equations (a) and (5) there results the following erlrr:rt i,,r,
(6) which we call the equation of energy for a rnass of air irr i1 1.1,,. i:.i

r l r  i

t -

I  Rccc ,s  (F .c )  ud .k

Iff-H) ,,: !i#an- !r,cos(n,c)do

: [ ,3,G) aan

sysrem

I  X rd.k : c.]  [ ,  oan. *, f  (r ' ;  -  t  w ) ar, -

These express
the followins

K:  ( t -
J 2

f
o: ) r t1

- r ',: 
"J

The changes i
cated by dfr,
and final con

The three
elementary n
same interval

- aA : -  |
J

l"-er:J"
f t

{o: )at )ln a similar rvay there foilows from equation (e)

[#rdk : c,*tf ,oou - J |!;,an - j '#*1,,,

: r"*J rpdk_ t\#ou l

rr*.*: q: ri.:rlrFF:rttF 3;:? ?1c 
af im'ar3r. 

: 5''

We therefo:
equilibrium, :
follows:

Kinel

Therr

Total

$(re) In t . l t

a correspottt.
unchanged in
(R) :  -Dtr

t

I
I

I

I{
;

- -. : a*: 4"r:F-n1?4api|R?.q
*r,r?F+F*ErtF .Sttqtg
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ifhese expressions bec:ome more pelspicacious by the introduction of
the follou'inq abbreviating symbols:

' f  u c z
K : l 

'-; 
db: the kinetic energy of the rvhole mass of air in

..1 a

the closed systenr.

f r
P : I p\Ir d.b - the potential energ't' of position.

-  . ( '  c  r
I  :  C ,  I  f  1 , ,11 ; :  ; l  I  p ( l k  :  the  in tenra l  energv .

u t t k
. J  r \  u

'Lhc changes in the values of thcse quantit ies in the time I are itrcli-
c'ated by AK, aF, dT and are cornpletely deterrnined by the init ial

and f i i ra l  conr l i t ions.
'fhe three folios-ing quantit ies depend on the path that each

clerlentai'y lnei:;s pu1'sues; these time ir.rtegrals extend oTet' the
same inten'al l.

r : l l i , , t ' . i  i

{ , , , , r , , .  "  t ,

. ' , ( ' l  l i  r l t ' l i o  l '  .

: i t : 1 , . '  l i ' i r , . : l

|  , t , l  / '

|  ( ' ) ,  i

l . ' t t ; :
, . 1  t t [  I

i
,
I
I

j

. l l ,  r i t  i  t t  i r  r ' ,  t  L t , ,  :

.  c [ ; 1 f 1  i r t  l t  ,  i ,

.- aA : - J' 0, I 
oi!r:; d it I the work of the pressural forces,

j or the work of expansion in the
\ time t.

(. ( _ ,. 
the- rvork of the flictional forces

-  (R)  :  I  a t  I  Rccos  (Rc)  lLdh {  o r  loss  o f  cnergv ,  [ ,  bv  f r i c t ion ,
'  J .)  L in the t ime !.

, f f ,l n 1 the quantity of heat comrnuni-
( O ) :  l , l i  l ' ? . t , d k  .  {  c a t e d t o t h e c l o s e d s v s t e m , i n t h e

J  J  d t '  L t i m e t .

r l
l , l i '  I

We therefore ',vrite the equations for the kir-retic energy, thermal
ecluilibrium, and total enelglr of the '*'hole mass, respectively as
[o] lorrs :

I { i ne t i cene rgy  a (K+p+D +  fn l  :O  (4 , ' )
'  

The r r ra l  cne rgy .  . .Q ) :a l -Oa  (5x )

. Total enersy .(0) : a (X + F + il + (R) (6*)

$(rz) In tl iecaseof friction there can be no steadylnotion uithout

; r  co l ' rcs l )o1r( l ing c 'ont i r r i r l r l  ac lc i i t j , r r r  t , [  ] teat .  I i ,  F,  i  rerr ra in
'.rnchangc,cl irr sieadl' lnc.rtion arit l the equations leclucc to (Q) :
(R) : - r)A. ' l 'he additions of ireat (neccssariiy consis+"ing oI posi-
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548 SMITHSONIAN MISCELLANEOUS COLLECTIONS v o l , .  {  r

tive and negative portions), the loss of energy byfriction an,l tl,,-.
work of the pressural forces are equal to each other.

(Q) : o. Atmospheric motions are primarily dependent on thr.
heat communicated from rvithout. But it is possible that fc.rr t'er-
tain general movernents of the air, it is not the absorption of hc;i..
during their occurrence that is the detennining factot but ti,.,
temporary distribution of pressure, temperatule and velocitr.

throughout the mass of air. In the fo1lon'ing pages we will trcal
these latter movements as though there s'ere no addition of hcr,t

but only an effort to attain equilibrium as the result of some givcn

initial condition.
It is a characteristic of every rnotion performed n'itirout exchangc

of heat that the tvork done by the pressural forces is determinetl Ly

the initial and final dtages alone. It is'w'ell knorvn that the quantity

f has the sig{rificance of a potential enelgy under certain conditions

such as, rvhen the mass is kept at constant temperature, ot rvhcn

every elementary particle of mass behaves adiabatically. This

last condition is a special case of (Q) : 
"' 

In this case an intet'-

change of heat $'ithin the interior of the mass is ailorvable, or suclr

additions and subtractions of heat as balance each other, or sllnt

up zero, during the nhole time I under consideration. ff t'e confinc

ourselves to the case that (0 : o during everY element of tirne

then the changes of I and Tare continuously equal to each otiier.

In the case of motion rvithout increase of heat, the quantity I

that I have in other placesa cailed the potential energy of the dis"

tribution of pressure becomes identical rvith the internal energy

of the nass.
I t ( 8 ) : o t h e n

ar+(n) : -atF+l

In this 
"r.u 

F + i is to be considered as the total potential el1et'gv

of tire system; in the case of gaseous motions in a closed system this

expression has the same meaning as P alone in the case of motions

of rigici bodies or incornpressible fl uicls under' the influence of gravity.

One easily recognizes the meaning of I in the expression for the

potential enel'gy if one considers the case of masses of ail puslietl

horizontally (b1' compression or expansion) out of the condi-

e 1\{ax Margules: Ueber den Arbeitsrvert einer Luftdruckvertheilung und

ueber die Erhaltung der Druckunterschiede. Jubilaum des KK Cetrtral

Anstalt, Vienna. r9or. See No. XXIII of this collection of translations

iar q:F-$. ?,4'4jry:::FrE--l*':Tj"ryry:-. qin!|4rt
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tion of equilibrium ri'hile P remains uochanged. If the displace-

nent of each elenent of nrass proceeds adiabatically, or if there

be an internal interchange of heat, then I must increase; after this

if the mabs is left to itself it strives ton-ard the position of mini-

rlrum i.
The problem that xe would solve by means of equation (6**) is

es follol's:
Amassof airin a dlosed system is at the beginning at rest and has

a given initial internal distribution of temperature and pressure.

It is set in motion by its tendency torvard a condition of stable
equilibrium. If tirere lr-ere no friction the individual portions of
fhe mass rvould oscillate about their positions of equilibrium. In
the presence of friction tlie final condition is attained by tlie gradual
consumption of the kinetic energ)'. We seek the maximum values

of dK * (R) which ve designate as the available kinetic energy

of the system. Since the initial r,alues of F and i are knon:r our
problern is to compute theil valtres for the final stage.

No special assumption u'ill be introdrrced as to the frictional
forces; iu fact for turbulent rnotions there is no assumption that
can satisfy all demands. Hence the frictional force will not be
treated as a part of the pressural force, as is usual norvadays in the
treatnrent of steady mc.rtions. The condition (0) : o demands
that the heat generated in tiie system by friction be imrnediately
n'ithdran'n. But this is noi of great importance in atmospheric
motions. Even in cases rvhere it is assumed that the addition of
heat ha's no influence on the motion there are more abundant sources
of heat than this friction. For the present study the important
point is that the heat due to fi'iction shall not give rise to new or
additional kinetic energy [during tlte interval of time under con-
sideration].

'Cuep lBn  I I

APPLICATION OF Tr{E EgUATION OF ENERGY TO THE OVDRTURNING

OF STRATA IN A COLU}IN OF AIR

$(r3) The analyses to be executed in this second section t-ill not
afiord iruch that is new, they serve only as preparatory to the
follorving sections.

Consider a column of air of utit arda section, in n.hich p and T
' L
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are f r lnct ions of  the a l t i tude s only .  The ccn,- : : ion of  hvr l r r ,s t ; r r r
equilibrium is

I A D
g * - - - : - : 0
d  

" , A t

ra? c
paz  RT

The analysis is sirnplif ied b1' the assumption t::at g is indel:crrrl lrrr
of a rr-hence the potenl.ial cquation beconres

l l l  :  gz (,1 ,

Let us distinguish bet$.een a loiter part of t:-e colu:nn l iar.ing:,
rnass M e-rtending to the altitucle h and a irig:-er nless r' l ,f;. I.r.r
overturnings crf the stlata take place in .11 r., ' ;:=ieirt '  I is t: lr irrri,r,,
but the 1)ressure

pn :  gA , I l  .  .  ( t  ,

on the i lpper boun<1ary of ,4f remains constant.
T,et Z be the altitude of ihe centel of grar-it-.- of Xllrthen ,lrrlrn'

all cl ianges Z - h lemains unchanged, since --i j , l ' ises and fir l ls l i f.,
a  soi id  p is ton.

The potential energy of position fol the rih. le colurnn of lr ir i

f 6  ( . h
P : | {z pd.s : I gz ,udt: -}- g -'.i.r:

J 6  J o -

By utilizing the relation (a) rve have

fh fou (o
I  s rpdz  :  -  |  ^ "  t , t . t ,  :  I  / r - -  -  h fn

J o ' ' L t y o u o

fh

F : .1  
^Pdz  +  (Z  -  l )pn :  R I ra , , '  *  Cons tan t  r t

U O

' " vhe re the in teg ra l i n the las t l . r a r t o f  t heeq r l a ' ! i - . : t i s t obeex l . r : r t ' l '  I

over the rvhole of the lon'el nrass M.
The internal energl. of the colurnn is

I' : C, ! rarn * Corrstar,: c

Overturn i r ig  of  tJre,  s t i 'a ta can occlg-  sponta: .e- . :s i ] '  l 'hcuerct '  l ; '

't

I
i  .  ( , ' r

J
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r,vhich
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ccnter of gravity
init ial stage is

onr l  fn r  (O\  -  o
@ , , *  - e -  

\ r /

available kinetic enelgy i11

atF+i i

T dm,

case of ant
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thesinks thereby; the

ar + (O :  -

this becomes

- c f r- p J '

rvhich is in the ratio CrlR or t.4rf o.4r : 3.14 larger than the

rvoi'k done by gravity; the princip:rl part of the kinetic energy is

rlerir.ed frorn the inteinal energy.

Let T an.r1 I, be the temperatures of the elementary mass r/za.arr..i
' f{ 'and Tt"'the average teitrpet'atures of t ire rvhole nrass -i l/ af tf,e

irritial and fina1 stages, r'espeltitel',', tiretl ri'e iiave

=,'c, 
"f 

(T - T',) ci}tt' --" cp(7't'-- :r*J) -if . (3)

Uncler the conclitiou here gir.en, kinetic energy is al'ailab1e; that

is to say, l-hen bi' adiabatic or-ertttluing of the layers the average

tenrDerature of the rr'hoie mass of air sirlks, then the conditionis

not stable.

$$a) Coutputation. of tlrc ouailable kinetic eltergy irt the

char,Ee of posiiictrt. of a layer.
Let the thin layer rrr, (see fig. z) , pt r

that initiall,v 1ay beneath llIrbe adi- [--l'l
abatically brought to 1ie above '11r. .It"l l l ft
In this case nothing chairges in the ;l---+
lon-er rnass lfo sirrce tire ullpet tnass ' 

i---_l
i|I, acts like a piston of constant I I

rleight. Ler the layers of the rnass | 
-" 

I
i11, leta.in the same cc,nsecutir-e or- I I
i ler. The kinctic energlr that is

l ' 1G.2 .

ar.ailable u.lten the nlass tl?r asceuds
in small P;rrticles and spreads out over.44r' is norv to be computeri

f rorn equal ion (3) .

Let p, and ?'r be the initial 1)ressufe aucl ternperal;tte of rn;

p1, anc1.7', the sante rlttanlit ies at the enrl. ' fhen

T t - . T
r  1  

- -  '  L
: i>o 1- g A't,

LeL p, I, arrcl P'r, T', be the r:orresponding pairs of I'alues for

ir straturrr dMT tlten ftorn the atliabatic condition and frorn

aK + (R)

(?o\ . ,  o ,
\ P t  /
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?'z:  ?z *  gntrarrc l  f i 'om t i re asstrml i t ion that  gm, is  smai l  re lat ive
to p, there folloii-

,  r i :  r , (n i \ -  -  r , (  r  - r r i , , , )^  :  r , ( r  1_ *8, , , r )'  " \ p , /  ' \  
? , /  \  p " /

Ce(T, - T' i l  :  * gr)rLRT, : -$1",

By substi
and ttiere

This vah.r
by the o

In this c
If a (

there is l

and the r
oaaA n-  :

$( '6)
alY betrt'
I, it rvill
to ttt, w7

positi,-.rnt

heuce t'

compaf

tfiicil t

lies bel

$ ( 'z
of air '

The
1vfign l

Tlte contrib'tir,n 6f trre ri'hole 'rass ilf- to the rightJranrl sirre 'i
equatir-,n (3) is

crJ'e', - 7' i) ttxt,: - Snlt
1 t . .  e- - 1  :  - g n t r ) d s :  - g 1 n 1 l ,

rvhere L is the altitude of the rrass M, at the init irrl stage.'lhe ot'ei'turning of 
.tire.rnasses is brougirt abr,,ut bl, the slighl.csr

initial impulse, and kireti. energy cre'elips wiren trie 
"orn,lu,,

-a(F + I l  == , , , ' { . , - r ." ' 1  
I v p t l

has a positir-e value. "h -r ̂"rt

1'z lrz

f ' - ({o)- l  -s, t , \ t  (rr
[  \ f , /  J  

-  j  '

$(r) continuol.Ls c!,istr.ibtiiott cf teittpcrattve. \yer'ill fir-st asslr'(.
that the sepa'ati.n bet,*'een ,t, ancL xf, *.as only rnacle for lrrt:
con'enieace of cor;r1,.q1ation a'tl that in the i'itial-stage the tclrr-
perature is a continuous function 'f the aiti iude througJrr,rrl
these masses. The value of l l  inust cli i ler frorn that approii irLtc
to the final srabre positiorr, but it may be chosen *r'uii 

"u,n,gitto allorv us to assu.rnc r, expressible as a iinear furrction, r,iz..

T : ' f z : T r - a z A T
0z

with this frr 'ctiorr of the tenrireratrrre the equation ..., gi 'es us

t

t-

b - ( \=-^ :t'\0 "'"
? ' \ I ' /

whence assrrrning ah to be small relative to I, :r-e get

(  !1, \"  :  (  t  -  1. ! :  \ " ' , " .= r  -  gh - ,  e (s-c, , i t )  t r
' f t i  \  / r , '  C r T , . '  C ; ' l ' i  2

+
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Ily subs..ituting this in equaiion (a), the linear term in le disappears

and there rentains

-a(P +f ;  : ,c# 'H("-  +\ '  $n).  
z l t  \  L z i

,liris vaiue is positive an<1 gives the l<inetic enefglz nrade a.,'ililable

by the overturning of ri, provicled

l i : ,
0 . >

In this case the equil ibriunr of t l ie column of ajr is unstable.

,, .: li,.f. a {gfCu then rvith evely arliabatic overtu.rniltg of arlv la}'er

there is associatecl an incr-ease of the total potential energl' P + I

: i . , : , , .  and the equi l ib i ium of  the column of  a i r  is  s table '  In  t i ie  i i rn i t ing

; , . . . r , ,  .  case @ :  g lCp and t i le  equi l ibr ium js  neutra l '

I  j . 1  { 1 . r l t : . :

$(i6) Discotr.ti,nttotts d,istributiort of teiltperahtre. If at the bound-

"ry 
t"t.r".rr rnrancl ii/, the temperat*re 1rasses sudde'1y fro't 7'r to

r, it il,-itt strlhce to assu:ne,1.,1, to be 6f 111 6rrrier of tnagnitucle sirnilar'

tJ iir., rvhence \\'e rriil norv irrclicate it b.t fit". 'Ihe interchauge of

positions of m, and ru, gives tLs

-  A  (P  +  l )  =  Co l  n t ' r (T ,  -  T ' r )  *  n l " (T"  -  7 - ' " ) \

4. ' ,  -91 >:-
Cr, ()z op

:  ? - , ( t  - $ ' ; )

:  r " ( t  * r ' ; : ) -Tl
I

hence rvhen
comparison

2 is the pressure at
n'ith ? n-e irave

-  o (P  +  I ) :

gre is smal1 in

(4 b)

the boundary and

gR , - , -  T  \
I ; L | l l l z  

-  
\ 1 t -  t z )

v

i,,hich corresponds to unstablc equilibrillm rrhen tlre \\'ai.mer InaSS

lies belorr-.

$(r7) Ile entropy as the criteriott. t,f stable equilil)riunt itt a colttttt'rt.

uf air of rtniJomrt cot'ts!unt oorr'stilttliott"

The conrlitic,n f,:r- stnbie ec;irilib1'itrr:'L c'an be expresseii vely sirnpll'

rvJrer rve urake use of the entt01;1-. i i  P, E" so arc r:espectively l ire

4
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pressurej tenrperature, anrl eirtropy for a
air, then fc,iL iiny other pair of vaiues, p
unii rrrass is

S :  S o  - l

For a column at rest rr'e

.1 (' /^ ATvi)

: - :  - - - -0 z  1 '  E z

normal  concl i t ion of  l i rc
and Z, the entroll lr f,,1. ;1

S : Crlog T -l Constanl;.

tlie layers are arranged to succ'eetl clt, i

of increasing potential temper;rtrtt ' tr , '

the
tion

have from eq,-ration (a)

?(#.i;)
lvhence it follori's that stable equiliblium exists rvhen S increast.-,
r r i th  the a l t i tu , ie ,  but  r rnstabie i l ren S <l imin is l ies rv i [h  inr . r -ensi : : : ,
aliitucie.

This resuit also holds good for sudrlen changes of ternpel.allr i,

a t  speci ; r l  local i t ies; in  such cases.S,  -  S,  :  Cr log:- i  I  the entr r l , i
t l

increases r.,'ith the altitude rvhen l, ) I, and the rrarmer. laver li. .
abcve tlre colder.

$(r8) Poleztial temperalu.re. I{elmiroltz and von Bezold+ rlctirr '.

t i re  potenl ia l  te :u i rcrature Tc, f  a  mASS rvhose actr ra l  lempetr t r r i t .  i
T and pressure p as beiag that ternperature l-jr ich the nrass uii.
attain rr-hen brou.ght adiabatically to the nonnal pressur-e P. I Ierr' ,.
rve ]tat'c

corogl - o^r?,

R A P

P  o z

d T
"eT

whe

T

silr(
(")

I
t l ie

T - I

The equili
othel upx
incrcasing

i  P \ K
{ :  I  d .s :' r P  /

blium is stable if
'alci in the older

entlopy.

T f  .

ex:
m(

H,
in

T
ti

$(r9) Bzrc1,ancy of ort elenrcntary?nass of air t lnt has a teml,croltr,,
diff erett.t lront tltat of its surrtu.nciittgs.

In a mass of air at rest r{tere 7'is a function of the altitrrt lc , 'rrl.t

ve rvii l  introdrrce a loreign pa:'t icle ol ait rtt., wirich i ias the tcttt lt ' : . '
tule 0o rLt the altitudc ao but a1l'ai 's the same iiressrlre f as tlrrit "

the arl icle by Dr. L. A. I lauer, reprinted as No. XXII of t l t i : ; ,
-_C A.

*See

lect ion
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I
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the snlr.orrrir l ing air at the same alLitu(1e. Uncler aciiabatic contl i-

t icrns i1s tcmpelntuit: ir-r all l ir,rsit ions is given by the equation

rvhence

/  o  \ n
0 =" 0"1 : . -  l-  \ ? o /

I  d A  K d p

0  dz  F -d ,

I

i
I

Let us assulne tha.t chLling the motion of t ire pa.rticle rrl the pres-

sure in the larg;er rnass rc'nains rincltatrged ancl that the eclttation
(a) holds goocl so thal rre: have

d 0  g  0

d z  C r 7 -

If [,ul is the densitl' of rrr. brrt p tltat of the sulrottucling air then
there is at' l ingrrl irrarcl , ln l i . t i le accelerating folce or buol'anc.r'

/ , , . ,
e ( . ' : . - t )-  

\ i ,u l  /

,  r f  s i r r .  r :  11re  r i rcss i l res  a fe  t i ; r :  sa lne  ,

/ 0  \
g (  - - . -  1  J

\ r  /

If ri'e corrsider iit 'i\s atr eletlr'rrtar)'lrlass nroving rvithout frictiou and

e:ipl 'ess its r-elt ical c.,r ', l inate by z t-e then have the equation of

triotion

d 0
:  - c . . - . - - c

Y a z

le1-gY, assuming that nt has na

l- z )  i

siclc of equa-
h  t o r  ( r - z rS .

d2z /  o
ai , :s \ r - t

IIence fr,ri lor-;s the equation of
; . . : i : ^ l  , - - . 1 ^ . - : r , .  , - +  -r t l l t l i l  \  U I U (  I L _ )  ( l U  i 0

. n t  /  J . :  \ 2
I  -  I  - o , , f ( l

2  \ . i  /  /  
-  

" "  " ,

:-. nt i c,

This latter espt't:ssion is identica
tiol 4 se,,:t io,n r.1 , substi luiing rrz

)

c1

I
(0 . -  0 )  -  s .  e  - rnJ  (- )

/  n  r " 1
o" ( t -  "  ) " l  - s (3
" \  f o l  I  " '

|  \ r f r t l r  1 h a  r ' 1 d t i t - l r o n i l

,fer ;u,, I, fol do an'-l
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deduction of the amount of the available kinetic energy ft,p
the whole system is rigorous as there gir.en, but is inaccurate in thc
present article. The mass of air does not remain at rest n,hen rn
moves through it; a1so, even if the energy of every particle of ilre
massis smail, still the sum total may beof the same order of nrag-
nitude as the kinetic energy of. m.

With this proviso I will quote some figures computed by these
last equations in order to shorrr horv large the velocity may be tlrat
is producedbythis force of buoyancyrvhen the initial difference <rf
temperature amounts to roo.

When the acceleration is o the greatest absoiute value of thc
velocity ur will be attained at the altitude(, rvhere 0 : T. Let tire
temperature of the larger mass of atlnosphere at the initial positicrn
zobe T'o: z73o C. and in general T : To - a (z - ao); r,vhen o -

g - .weob ta in
dz

1f.or 
0o: ?0+10o, C-zo: 988.6 meters, w: 18.8 nt. . f  sec,1

i to,  ao: Zo- 10o, C-zo--1025 meters, w-*1g.8 nt. lsec.]
Therefore the values of C - ao ancl w arelarger in pr-opor-tion as tlrt:
rate of vertical diminution of temperature throughout the nrass <.,[

.atmosphere is larger; thus rvhen o : *rg 
AT

' a ; :  a z  
1 r ' e  n a v e

yf.or 0o: I0+ 10o, (-zo: 1942meters, w :  26.4 nt. lsec.1

\ fo r  do :  ?o-  10o,  e  -zo : -2090meters ,  w:  -27 .4  m.1sec .  I
Sirnilar computations for moist air are given by Reys in his "W irbcl-
stitrtne," Hanover. t872, p- zz7, etc.

$(zc) Com.putation o7 [ fant. for linear aertical d.iminution. ol
temperature in the column of atntosphere.

Assuming T : To - azthen forthe state of rest [or hydrostati.'
equilibrtum] the pressure is given by the integration of the equa-
tion (a), i. e.,

P: P.(f;)"*

rvhence rve deduce the follo'*-ing ecluation (3), that.ivill oftcn l,c
used hereafter, for the integral of the pr-oduct of the temperaturc by
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the mass in a veli"ic'al colurnn of atrnospher-e rltose section has the
rrrrit area, and for u-hi<:h D : RT u

t', z

I T ,,,t,
, ) o

t f "
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$(zr) O'tertu.rititry, oi ttppcr slrola itt the cohtitnt; conxputoticlt. of
tke auailable lei.nelic energy .in, titis case.

We wiil apply equatir.rn (3) to the fo1lc,,n-iirg problern, fn one
coiunrn (see fig.3) alc at l ir-st t l 'o masses, r and z, eacli in nerrtlal
equi l ib l iurn; thc cnt lop.v of  thc
lol 'er nrass a is higher tiran that
of r; betl 'een these il-o lnasses
as a t 'hole thele exisls init iaiiy
rurstable eqrr'1i1.rr:ium, after f he
oveltuming ancl in tiie fina1
stable condition the rvholc nass
r, n'ir ich nori. be<'ontes r', rcsis
belorv anrl e bet'onres z'on top.
In this orrertrrining. the alti-
tucles of both strata are changeil
and also the location of their

_ . t

surlace oI sepln'ation i; the J.'rcssuie c,rr this sulface i t ' i l l  be dcsig-
.atec l  p; for  t i re  i r i i t ia l  aru1 p i  for  t l ic  f ina1 stage;  t l re  le tn l ,cratu lc

of each triass c'harges br:.t the cont.l i t ion of neutral crl.uil ibliuin rc-
mains tluc o{ r 'ar.r. i z' inil i ' , ' ic1tra11-y' Trroviclerl it be true a-c we assulne
that  the t ra i is i t ior r  f i , , rn  r  to  r /  a i rd z  to z t  is  per fcr l r re, l  iscnl r t i l ' ic -
a11v. Ti-,e pre-"srrfcs 2n at t|e base a:ltcl 1>u at the lipper boundarl'
remaitr unt' i  r eri5;ci1.

At the boun':1ar_y srrrface 'r there is initially a surlrien transition
frtun ihe tcrup::i ' irtrrle 7ri to the stuallel value I;,.
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For this initial condition r.,'e have gi.i'en the data
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With these rralues b1'the help of equaiion-c (r), (r) ancl (5n) r.,r,
conrpute the foiion'ing equation except the arbitrarv constant.

c_2
( P  +  I ) " :  

; '  - - ;  
( ? o T o r *  P ; T ; , *  P ; T ; , -  P n T n ) * C < . r n s [ t n t .

For the finai condition pt, : ?n * (p" - ,p) l-hence the ternl,cr.a-
tures of the trvo nlasses at the boundaries becorne

P , : f o ( * ) :

r,l: T'u,(i:)-

-r.ot": r_(x)-
and

r ' t
(p +T),: -rt  

f  +;, 
(p,,7'n, - p;T;,+ l , : \ ,- poT"n) * Consr:rnl

We find the heights or clepths of the masses r/ anrl r/ froln

C
Ir' - l! (T' - 7'. t.' - r  
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The sum of the t 'Ro masses i" !:--4 rvherefoie tlre availablc l i i-
c

neiic energy of a unit mass is

*v ' :g 9_+r),-_1tr 1Tl,
? o - P n

Nttrn.erical examfle. Let h, - h, : zooo meters antl let tlre r.l1hcr'
data for this problenr be tire rrrrmbcrs indjcate,l i t\r a star 1'F; xr; f, ' l-

loi" 's (the f)r 'csslrrcs being irr rrri l l i lrreters of :rrcrcurl '  anil t lrc te:rr-

Ireratures absolute Centigr:a,,le,\ :
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Itt.itial s o i:e
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Thi.s c,ri irputlrt ir--,n is i i ;. j .rorioris becr,ttsc the ccnicirtsion c1epen,1s oil a

srtrall cl i l lerer.Lce ltet-,,..ccn lafgit c1lantit ics. lIte rtrai ' i ind l,r b"' a

shorter nir:thorl r';it.hit,,,il pt'et"i'-,us1-1' cc,tlTt-rti'',o :i trunrlleL crf oti:er

qrr:rntit ics as in tlte next foiic,- 'r ' ing article.
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